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Abstract. Let X be a nonsingular algebraic curve of genus 5 > 3, and let 
denote the moduli space of stable vector bundles of rank n > 2 and degree d with 
fixed determinant ^ over X such that n and d are coprime. We assume that if 3 = 3 
then n > 4 and if 5 = 4 then n > 3, and suppose further that no, do are integers such 
that no > 1 and ndo + nod > nno(2g — 2). Let ii^ be a semistable vector bundle over 
X of rank no and degree do- The generalised Picard bundle W^{E) is by definition 
the vector bundle over defined by the direct image PMi*{^£, ®P*x^) where is 
a universal vector bundle over X x M.^. We obtain an inversion formula allowing us 
to recover E from ^^{E) and show that the space of infinitesimal deformations of 
Wj(-E') is isomorphic to H-^{X, End{E)). This construction gives a locally complete 
family of vector bundles over M.(^ parametrised by the moduli space Al(no,do) of 
stable bundles of rank ng and degree do over X. If (no, do) = I and W^{E) is stable 
for all E G M.{no^do)^ the construction determines an isomorphism from A^(no,do) 
to a connected component of a moduli space of stable sheaves over M^. This 
applies in particular when no = 1, in which case Ai^ is isomorphic to the Jacobian 
J of X as a polarised variety. The paper as a whole is a generalisation of results of 
Kempf and Mukai on Picard bundles over J. 



1. Introduction 

Let X be a connected nonsingular projective algebraic curve of genus g >2 defined 
over the complex numbers. Let J denote the Jacobian (Picard variety) of X and J'^ 
the variety of line bundles of degree d over X; thus in particular J° = J. Suppose 
d > 2g — 1 and let £ be a Poincare (universal) bundle over X x J'^. If we denote by 
Pj the natural projection from X x J"^ to J'^, the direct image pj^C is then locally free 
and is called the Picard bundle of degree d. 

These bundles have been investigated by a number of authors over at least the 
last 40 years. It may be noted that the projective bundle corresponding to can 
be identified with the d-fold symmetric product S'^{X). Picard bundles were studied 
in this light by A. Mattuck fT^ IT^ and I. G. Macdonald |T3] among others; both 
Mattuck and Macdonald gave formulae for their Chern classes. Somewhat later R. C. 
Gunning [71 |HI gave a more analytic treatment involving theta-functions. Later still, 
and of especial relevance to us, G. Kempf [TUI and S. Mukai 115] independently studied 
the deformations of the Picard bundle; the problem then is to obtain an inversion 
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formula showing that all deformations of arise in a natural way. Kempf and 

Mukai proved that pj^C is simple and that, if X is not hyperelliptic, the space of 
infinitesimal deformations of pj^C has dimension given by 

dim H\J\ End{pjX)) = ^g. 

Moreover, all the infinitesimal deformations arise from genuine deformations. In fact 
there is a complete family of deformations of pj*C parametrised by J x Pic''(J'^), the 
two factors corresponding respectively to translations in J'^ and deformations of C 
§9], ^iSi Theorem 4.8]). (The deformations of C are given hj C ^ C ® p*jL for 
L e Pic°(J'^).) Since J is a principally polarised abelian variety and J'^ = J, Pic°(J'^) 
can be identified with J (strictly speaking Pic°(J'^) is the dual abelian variety, but the 
principal polarisation allows the identification). 

Mukai 's paper ^Sj was set in a more general context involving a transform which 
provides an equivalence between the derived category of the category of C^-niodules 
over an abelian variety A and the corresponding derived category on the dual abelian 
variety A. This technique has come to be known as the Fourier-Mukai transform and 
has proved very useful in studying moduli spaces of sheaves on abelian varieties and 
on some other varieties. 

Our object in this paper is to generalise the results of Kempf and Mukai on deforma- 
tions of Picard bundles to the moduli spaces of higher rank vector bundles over X with 
fixed determinant. In particular we obtain an inversion formula for our generalised Pi- 
card bundles and compute their spaces of infinitesimal deformations. We also identify 
a family of deformations which is locally complete and frequently globally complete as 
well. The construction of the generalised Picard bundles together with the inversion 
formula can be seen as a type of Fourier-Mukai transform. 

We fix a holomorphic line bundle ^ over X of degree d. Let := Ai^{n, d) be the 
moduli space of stable vector bundles F over X with rank(F) = n > 2, deg(F) = d 
and /\" F = ^. We assume that n and d are coprime, ensuring the smoothness and 
completeness of Ai^, and that g > 3. We assume also that if g = 3 then n > 4 and 
if g = A then n > 3. The case g = 2 together with the three special cases g = 3 with 
n = 2,3 and (7 = 4 with n = 2 are omitted in our main results since the method of 
proof does not cover these cases. 

It is known that there is a universal vector bundle over X x Ai^. Two such universal 
bundles differ by tensoring with the pullback of a line bundle on A4^. However, since 
Pic(A^g) = Z, it is possible to choose canonically a universal bundle. Let / be the 
smallest positive number such that Id = 1 mod n. There is a unique universal vector 
bundle over X xM^ such that A"^d{x}xAie " ^^^^^ x G X and 9 is the 

ample generator of Pic(A^^). Henceforth, by a universal bundle we will always mean 
this canonical one. We denote by px and pm^ the natural projections of X x Ai^ onto 
the two factors. 

Now suppose that uq and do are integers with no > 1 and 



(1) 



ndo + nod > nno{2g — 2). 
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For any semistable vector bundle E of rank uq and degree do over X, let 

W^iE) := pM,.ipli®p*xE) 

be the direct image. The assumption ((T)) ensures that W^{E) is a locally free sheaf 
on M.^ and all the higher direct images of ® p*xE vanish. The rank of 'W^{E) is 
ndo + nod + nnQ{l-g) &TidH\M^,yV^{E)) = H\X ^ M^M^®P*xE). We shall refer 
to the bundles VVg(i?) as generalised Picard bundles. 

Our first main result is an inversion formula for this construction. 

Theorem 15. IL Suppose that holds and that E is a semistable bundle of rank no 
and degree do- Then 

E = n'px*{p*M^miE)0U^®p*xKx)- 

Following this, we show that, if E is simple as well as semistable, then yV^{E) is 
simple fCorollarv 16. 2|) . Moreover 

Theorem 16.31 Suppose that holds. For any semistable bundle E of rank hq and 
degree do, the space of infinitesimal deformations of the vector bundle W^{E), namely 
H^{M.^, End(yV^{E))) , is canonically isomorphic to H^{X, EndE). In particular, if 
E is also simple, 

dim H\M^, End{W^{E))) = nl{g - 1) + 1. 



In the special case where n = 2 and E = Ox, this was proved by V. Balaji and P. 
A. Vishwanath in [Ij using a construction of M. Thaddeus JH]- For all n, it is known 
that W^{Ox) is simple jS] and indeed that it is stable (with respect to the unique 
polarisation of M^) in fact the proof of stability generalises easily to show that 
W^(-L) is stable for any line bundle L for which (0) holds. In this context, note that Y. 
Li IllJ has proved a stability result for Picard bundles over the non-fixed determinant 
moduli space A4{n, d), but this does not imply the result for A^^. 

If (no, do) = 1, we can consider the bundles {yV^{E)} as a family of bundles over 
Ai^, parametrized by Ai{no,do). We prove that this family is locally complete, i. e. 
that the infinitesimal deformation map 

H\X, Ox) — > H\M^, End{W^{E))) 

is an isomorphism for all E f Theorem 17. ip . If all the bundles W^(i?) are stable, the 
family is also globally complete ( Theorem [731) • Finally, in the case no = 1, we obtain an 
isomorphism of polarised varieties between J and a connected component of a moduli 
space of bundles over M.^ fTheorem I7.4p . which in turn leads to a Torelli theorem 
(Corollary [731). 

The layout of the paper is as follows. In sections 2, 3 and 4, we obtain cohomological 
results. The techniques are quite similar to those of Kempf and Mukai except for our 
use of Hecke transformations; however our calculations are more complicated since we 
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cannot exploit the special properties of abelian varieties. In sections 5, 6 and 7, we 
then use these results to obtain our main theorems. 

Notation and assumptions. We work throughout over the complex numbers and 
suppose that X is a connected nonsingular projective algebraic curve of genus g >?>. 
We suppose that n > 2 and that if = 3 then n > 4 and if = 4 then n > 3. We 
assume moreover that (n, d) = 1 and that holds. In general, we denote the natural 
projections of X x y onto its factors by px-, Py- For a variety X x y x Z, we denote 
by Pi = 1, 2, 3) the projection onto the i-th factor and by pij the projection onto the 
Cartesian product of the i-th and the j-th factors. Finally, for any x G X, we denote 
by Ux the bundle over A^g obtained by restricting ZY^ to {x} x M.^^. 

Acknowledgements. Part of this work was done during a visit of the authors to the 
Abdus Salam ICTP, Italy. The authors thank ICTP for its hospitality. The third 
author would like also to thank the Isaac Newton Institute, Cambridge and the organ- 
isers of the HDG programme for their hospitality during the preparation of an earlier 
version of this paper. 

2. COHOMOLOGY OF W^{Ei) (g) >V^(£'2)* 

Our principal object in this section and the two following sections is to compute 
the cohomology groups H\M^, W^{Ei) (g) W^{E2y) for i = 0, 1, where Ei and E2 are 
semistable bundles of rank uq and degree do satisfying (P). 

Proposition 2.1. Suppose that holds and Ei and E2 are semistable bundles of 
rank uq and degree do. Then 

H\Mi,, yV^{E^) ® W^iE^Y) = H\X X Mi... ® p^^E^ ® pXi,">^c(^2)*) 

^ W+\X xM^x X, pI^U/. ® plEi pl^Ul ® plEl ® pIKx) 
for z > 0, where Kx is the canonical line bundle over X. 

Proof. Recall first that, if E and F are semistable, then so is F ® E. It then follows 
from (H} that H^{X, W^lj^^^ii)} ® -^i) ~ ^ ^ ^ Using the projection formula 

and the Leray spectral sequence we have 

H\X X M^, U^(S)p*xEi (g) p%,^Wi:iE2)*) = H\M^, W^Ei) ® >V^(^2)*) ■ 
This proves the first isomorphism. 
In the same way, (Q) gives 

H\X, {U^l^^^^^r ® E; ® Kx) = H\X, W^l^^^^^ ® E^r = . 
Consequently, the projection formula gives 

n'pi2M3{^D'^P3E*2®PlKx) = 

for i 1, and we have by relative Serre duality 

Finally, using the projection formula and the Leray spectral sequence, it follows that 

W{X X M^, U^^p*xE,^p%^W^{E2y) 
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= W+\X xM^xX, pl^Ui.®p\Ei®pl^Ul®plE;®plKx). 
for i > 0. This completes the proof. □ 

Remark 2.2. Proposition 12. II can be formulated in a more general context. Let Vi, 
V2 be fiat families of vector bundles over X parametrised by a complete irreducible 
variety Y such that for each y G F we have H^{X, Vi\xx{y}) = for i = 1,2. Under 
this assumption 

H\Y, pY.Vi ® {pY*V2r) = W^\X xYxX, PuVi^pI^V^^pIKx) ■ 
The proof is the same as for Proposition 12.11 

We can now state the key result which enables us to calculate the cohomology groups 
in which we are interested. We denote by TV the i-th direct image of Pi2^C®Pi-^i®P23^| 
for the projection ^3, that is 

TV := TVpUp\2U^®p\E^®pI.,UI). 

Proposition 2.3. For z > 0, there exists an exact sequence 

— > H\X, W ® El ® Kx) — > H\M^, W^{E^) ® "^/^(^s)*) 



(2) ^ H%X, 7^'+^ ® El ® Kx) — > 0. 
Proof. Since dimX = 1, the Leray spectral sequence for ^3 gives 

h\x,tz'®e;®Kx) — > h'+\xxm^xx,p1^u^®pIEi®p;^u*®p;e;®p;kx) 

(3) H\x, 7^^+l ® e; ®Kx) — ^ . 

The result now follows at once from Proposition 12.11 □ 

In order to use this proposition, we must compute the TV for i <2. We can already 
prove 

Proposition 2.4. 7^° = 0. 

Proof. Note that for any x E X 

(4) H\X X M^, U^®p*xE^ ®p*mU:) = H\X, E^® pxA^^® P*m,K)) ■ 

From jS] and [12] we know that for generic y E X, the two vector bundles Uy and 
are non-isomorphic and stable. Hence H^{Ai^, Uy ®U*) = 0. This implies that 

(5) Px*{U^^P*M^K)=0. 
So (jH) gives 

7^° := P3M2^(®PlEi®p;;U*) = 
and the proof is complete. □ 

In the next two sections we will use Hecke transformations and a diagonal argument 
to show that = and to compute R^. 
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3. The Hecke Transformation 

In this section we will use Hecke transformations to compute the cohomology groups 
W{XxM^, U^®p\Ei®p*j^ U*) for any x e X. The details of the Hecke transformation 
and its properties can be found in fOl • We will briefly describe it and note those 
properties that will be needed here. 

Fix a point x & X. Let fiU^) denote the projective bundle over Ai^ consisting of 
lines in U^. If / denotes the natural projection of fiU^) to TVI^ and Op(jj^){—l) the 
tautological line bundle then 

/*C'p(i^,)(l) = U* , 
and 71^ f^Op(jj^){l) = for all j > 0. From the commutative diagram 

XxP(W,.) XxM^ 



Pm 



and the base change theorem, we deduce that 

W{X X M^, ® p\E^ ® p*mU:) 

(6) = H\X X P(WJ, {Idx X fnU^0p*^E,) 0p;^u.)O^iu.)a)) 

for all i. 

Moreover, since pp(u^)^.{ldx x f)*{U^ ® p*xEi) = f*W^{Ei), there is a canonical 
isomorphism 

WiX X P(WJ, (Idx X fnU^0PxEi)0p;(^u.)O^ma)) 



(7) = H^FiU,), rW^{E,) ® a(«,)(l)) 
for all i. 

To compute the cohomology groups H''{F{Ux), f*yV^{Ei) Of>(jj,^)(l)) we use Hecke 
transformations. 

A point in F{Ux) represents a stable vector bundle E and a line / in the fibre E^ at 
X, or equivalently a non-trivial exact sequence 

(8) — > E — > E' — > Cx — ^ 

determined up to a scalar multiple; here C^; denotes the torsion sheaf supported at x 
with stalk C. The sequences (jH)) fit together to form a universal sequence 

(9) (Idx X m^p^^^^^O^^uM ^ T ^ p*xCx 

on X X FiUx). If T] denotes the line bundle ^ ® Ox{x) over X and Mlri the moduli 
space of stable bundles A4n{n, d + 1) then from (jHJ and we get a rational map 

7 : ¥{Ux) > Mr, 



DEFORMATIONS OF THE GENERALISED PICARD BUNDLE 



7 



which sends any pair {F, I) to F'. This map is not everywhere defined since the bundle 
F' in (jSJ need not be stable. 

Our next object is to find a Zariski-open subset Z of Airj, over which 7 is defined 
and is a projective fibration, such that the complement of Z in has codimension 
at least 4. The construction and calculations are similar to those of [16, Proposition 
6.8], but our results do not seem to follow directly from that proposition. 

As in jini §8] or [121 §5], we define a bundle F' to be (0, l)-stahle if, for every proper 
subbundle G of F', 

deg G deg F' - 1 
rkG ^ ikF' 

Clearly every (0, l)-stable bundle is stable. We denote by Z the subset of consisting 
of (0, l)-stable bundles. 

Lemma 3.1. (i) Z is a Zariski-open subset of Jvi^ whose complement has codimension 
at least 4. 

(ii) -y is a projective fibration over Z and '~y~^{Z) is a Zariski-open subset ofF{Ux) 
whose complement has codimension at least 4. 

Proof, (i) The fact that Z is Zariski-open is standard (see fT?, Proposition 5.3]). 

The bundle F' G A^^ of rank n and degree d + 1 fails to be (0, l)-stable if and only 
if it has a subbundle G of rank r and degree e such that ne > r(((i + 1) — 1), i.e., 

(10) rd < ne . 
By considering the extensions 

— >G — >F' — >H — ^0, 
we can estimate the codimension of A4ri — Z and show that it is at least 

(11) 6 = r{n — r){g — 1) -\- {ne — r{d + 1)) 

(compare the proof of jT7| Proposition 5.4]). Note that, since {n,d) = 1, (fTUI) implies 

that rd < ne — 1. Given that g > 3, we see that 6 < 4 only if g = 3, n = 2,3 or g = 4, 
n = 2. These are exactly the cases that were excluded in the introduction. 

(ii) 7~^(Z) consists of all pairs {F,l) for which the bundle F' in (jH} is (0, l)-stable. 
As in (i), this is a Zariski-open subset. It follows at once from (jlUj) that, if F' is (0, 1)- 
stable, then F is stable. So, if F' G Z, it follows from (jSI) that 7^^(F') can be identified 
with the projective space P(F^*). Using the universal projective bundle on X x 
we see that 7~^(Z') is a projective fibration over Z (not necessarily locally trivial). 

Suppose now that (F, /) belongs to the complement of 7~^(Z') in F{Ux)- This means 
that the bundle F' in (jSI) is not (0, l)-stable and therefore possesses a subbundle G 
satisfying (jTU)). If G C F, this contradicts the stability of F. So there exists an exact 
sequence 

— >G' — >G — >C^ — >0 

with G' a subbundle of F of rank r and degree e — 1. Moreover, since G is a subbundle 
of F, G'^ must contain the line For fixed r, e, these conditions determine a subvariety 
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of ¥(l/(x) of dimension at most 

{r^{g-l) + l) + {{n-rf{g-l) + l)-g + {r-l) + {{g-l)r{n-r) + {rd-n{e-l))-l). 

Since dimP(Wj:) = n'^{g ~ 1) — g + n, a simple calculation shows that the codimension 
is at least the number 6 given by (|TT| . As in (i), this gives the required result. □ 

By Lemma f3.ir ii) and a Hartogs-type theorem (see Theorem 3.8 and Proposition 
1.11]) we have an isomorphism 

(12) WinUx), rW^iE,) Op(^u.){l)) - W{^-\Z), rW^{E,) ® Op(e,,)(l)|,-i(z)) 
for i < 2. 

Now let F' G Z. As in the proof of Lemma f3. 11 we identify 7~^(F') with F{F^*) and 
denote it by P. On X x ¥ there is a universal exact sequence 

(13) ^ ^ — ^ p*xF' — ^ p;Op{l) ® p*xC, . 

The restriction of (jl3|) to any point of P is isomorphic to the corresponding sequence 

dHD- 

Proposition 3.2. Let T he defined by the universal sequence 0- Then 
Proof. Restricting © to X x P gives 

^ (idx X fru^®pi^u.p^(u.){i))\^^^ :f\^^^ — p\C, — . 0. 

This must coincide with the universal sequence (I13|) up to tensoring by some line bundle 
lifted from P. The result follows. □ 

Next we tensor Q by p*xEi, restrict it to X x 7"^(Z) and take the direct image on 
'y^^{Z). This gives 
(14) 

Proposition 3.3. i?^*(pp(w,)*(J^ ® Px-^i) |^-i(z)) = /^^ ^■ 

Proof. It is sufficient to show that p^u^-)^,(J^ p*xEi)\p has trivial cohomology. By 
Proposition 13.21 

Pp(uM^ ® P*xEi)l = Pp,{p*xF' ® p*xEi ® p;Op{-l)) 

= H\X,F' ®Ei)®Op{-l) 

and the result follows. □ 

Corollary 3.4. W^^^{f*W^{Ei) ® Opiu^){l)\^_,^^^^) = for i ^ 1. Moreover, 

niu*mEi) ® op(^..)(i)i^_,(^)) = or- 

Proof. This follows at once from (jl4|) and Proposition 13.31 □ 

Now we are in a position to compute the cohomology groups of W{X x M.^, ® 
p*xE,®pl,W) for z = 1,2. 
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Proposition 3.5. H'^{X x M^, ® p*xEi (g) p*mU*) = for any x e X. 
Proof. The combination of (jH)), and p2j) yields 

Using Corollary 13 . 41 and Lemma ItOT i). the Leray spectral sequence for the map 7 gives 
H\T\Z),f*W^{E^)®0^^uM\,-^z)) = H\Z,Ozr-'' 

It is known that H^{Mr„ Om„) = 00- Therefore, 

H\X X M^, ® p\E, ® p*j^U:) = . 

□ 

We can now prove 
Proposition 3.6. TZ^ = 0. 

Proof. This is an immediate consequence of Proposition 13.51 □ 

Proposition 3.7. For any point x E X, dimif^(X x M^, ®p\Ei ^p^^U*) = Uq. 

Proof. As in the proof of Proposition 13.51 we conclude that 

H\X X M^, U^®p*xE^ ®Pm,K') = H\Mr,. O^J®"" • 

Now M.r, is just the non-singular part of the moduli space of semistable bundles 
of rank n and determinant r/, and the latter space is complete and normal. So 
diTuH^M^, Om,) = 1. □ 

Corollary 3.8. TZ^ is a vector bundle of rank Uq. 

The complete identification of TZ^ will be given in the next section. 

Remark 3.9. Since the fibres of 7 are projective spaces, we have 7^,C^-i(^) = Oz and 
all the higher direct images of 0^-i(^z) are 0. Hence 

H\Z,Oz) = H\^-\Z),0,-r^z)) 

for all i. Similarly 

for z > since Ai^ is a smooth projective rational variety. It follows from the proof of 
Lemma f3. II that, if we define 6 as in (lllj). 

6>t + 2>3^ H\Z, Oz) = 0. 

The proof of Proposition 13.51 now gives 

(15) S>i + 2>A^ H\X X TW^, ® p\Ei ® p*m^U*) = 0. 

Proposition 3.10. Suppose that (Q) holds and that Ei, E2 are semistable bundles of 
rank no and degree do. IfS>i + 3>5, then H\M^, W£,{Ei) ® W^{E2y) = 0. 
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Proof. It follows from (fT3j) that i?* = i?*"^^ = 0. The result now follows from Proposition 

ESI □ 

Corollary 3.11. Suppose that holds and that E is a semistable bundle of rank uq 
and degree d^. Then 

H\M^, End{W^{E))) = 
except possibly when g = 3,n = 2,3,4; g = 4,n = 2; g = 5,n = 2. 

Proof. Take Ei = E2 = E and i = 2 in Proposition 13.101 We need to show that 5 > 5. 
In fact it follows from (fT^ that the exceptional cases are precisely those for which 
S <5. □ 

4. A Diagonal Argument 

Let A be the diagonal divisor in X x X. Pull back the exact sequence 

— y 0{-A) — > O — > Oa — ^ 

to X X Ai^ X X and tensor it with p\2U^®PiEi ^p^^^U^. Now, the direct image sequence 
for the projection p^ gives the following exact sequence over X 

n'p,M2^c®plEi(^p;,u*^{-A)) ^ n'P3.{p*M®plEi0p;,u*\AxM,) 

(16) 7^*+ ^.(ptsWg ® plEi (g) p;,U*^{-A)) . . . 

The following proposition will be used in computing TZ^. 
Proposition 4.1. For any Ei, the direct images of 

pl^Uti^plEi pI^U^IaxMi, 
have the following description: 

(1) ny,M2i^i^plEi®phi^i\AxM,) = El 

(2) n'p3M2i^i®P*iEi0ph^i\AxM,) = Ei^TX 

(3) n^P3M2l^^ ^ PlEl (S) phl^*^\AxM,) = 

where TX is the tangent bundle of X. 
Proof. Identifying A with X we have 

n'pM2U^®plEi®pljui\AxM,) = n'px,{u^®p*xEi^u*). 

The proposition follows from a result of Narasimhan and Ramanan fHl Theorem 2] 
that says 

' C if z = 0, 1 



;i7) H\M^,u^®u:) = I ^ i[ ^ 



2. 



For i = the isomorphism is given by the obvious inclusion of in ® and 
therefore globalises to give 7l^px*{Ui^®U^) = Ox- Similarly for z = 1 the isomorphism 
is given by the infinitesimal deformation map of regarded as a family of bundles 
over parametrised by X; this globalises to 7V^px*{U^ ®W) = TX. □ 
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Propositions 14.11 and 12.41 and the exact sequence (fTBj) together give the following 
exact sequence of direct images 

— > El — > n^p^,{pljU^®p\Ei®pl^Ul{-^)) — > -R} ^ Ei®TX 

(18) ^ 7^2p3*(pt2Wc ®pl^Ul{-^)) . . . 

For any x G X we have the cohomology exact sequence 

H\X X Mi, Ui®p*xEi(^p*U*{-x)) H\X x M^, ® p*xEi ® PmUI) 



(19) _^ H\Mi, U,®U:) ® {Ei)^ W+\X X Mi, U^® p^^Ei® p*j^U:{-x)) , 

where {Ei)^ is the fibre of Ei at x. 

By (0), Px*iMi ® Pm/Mx) — 0- So the Leray spectral sequence for px gives 

H\X X Mi, Ui®p\Ei®p*^^u:) = H\X, n'px*{^i®PxEi®PM^U:)) 

and 

H\X X Mi, Ui®p*xEi®p*j^^U:i-x)) ^ H\X, n^pu{Ui®p*xEi®p*j^^U:){-x)). 
Since Ux is simple [121 Theorem 2], (fTI?|) gives the exact sequence 
(^i),. H\X,n'px.{Ui®P*xEi®p*j^^U:){-x)) 

This implies that IZ^px^iUi ® P*xEi ® p%i U*) has torsion at x. Now from (fTTj) we 
conclude that 7l^px*(p(i ® P*xEi ®p%iU*) is a torsion sheaf, and hence 

H\X, n'px.{Ui®p*xEi®p%,U:){-x)) = H\X, n'px.{l^i®PxEi®p*M^K)) = 0. 

The Leray spectral sequence for px now yields 

(20) H\X X Mi, Ui®p*xEi ®p*mM:) = H\X, n^px.{l^i® PxEi® PmMD) 



and 
(21) 

H\X X Mi, Ui®p*xEi®p*j^U:{-x)) ^ H%X,n^pxM®p*xEi®p*MU:){-x)) ■ 

Now from (fTTj) it follows that 7l'^px*(p(i ®p*xEi ®p%f U*) is a torsion sheaf, and from 
Proposition l3.5l and that its space of sections is 0. So lZ'^px*{Ui®P*xEi®p*j^U*) = 
and by (j?T|) we have 

(22) H\X xMi,Ui®p*xEi®pl,U:{~x)) = 0. 

Proposition 4.2. TZ^p^^ipl^Ui ® plEi ® p*r^U^{-A)) = 0. 

Proof. This follows at once from (j22|) . □ 
Proposition 4.3. 71^ = Ei ® TX. 
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Proof. By Corollary 13.81 TZ^ is a vector bundle of rank no- Moreover Proposition 14.21 
implies that the map a : 71^ — > Ei ® TX in the exact sequence (fTHjl is surjective. 
Therefore a must be an isomorphism, and the proof is complete. □ 

5. An Inversion Formula 

We are now ready to prove our inversion formula. 

Theorem 5.1. Suppose that (0) holds and that E is a semistable bundle of rank 
and degree do. Then 

E ^ n'px.{p*M^W^{E)(^U*^p*^Kx). 
Proof We consider the Leray exact sequence for the composite 

PX ° P23 = P3 ■ X X X X — > X. 

Note that 7^V23*(p^2^? ® ® ^23^1) = for i > 1 by (P), and 

P23M2^i ® P*iE ® P^a^l) = P*M,ijPM,*{U^ ® P*xE)) ® Ul 

- p*j^;V\}^{E)®Ul. 

Now the Leray spectral sequence gives 

'R}pxAPM,y^dE)®Ul) ^ TZ^pUPuU^^^pIE^pI^UI) 

^ E®TX 

by Proposition 14.31 Tensoring with Kx now gives the result. □ 

6. Infinitesimal Deformations 

In this section we turn to the computation of the infinitesimal deformations of the 
generalised Picard bundle. 

Theorem 6.1. Suppose that ^ holds and that Ei, E2 are semistable bundles of rank 
no and degree do. Then 

H%M^, W^{Ei) ® W^iE^Y) = H%X, El ® E;). 

Proof. By Propositions 12.31 and 12. 4[ we have 

H'^iM^, W^iEi) ® W^{E2y) = H\X, ® El ® Kx) ■ 
From Proposition 14.31 it follows immediately that 

H%x, ® e; ® Kx) = H\X, El ® E*) 
and hence the proof is complete. □ 
Corollary 6.2. If E is semistable and simple of rank uq and degree do, then 

H^{Mi:,End{Wi:{E)) = C. 
In other words, the vector bundle }V^{E) is simple. 

Proof. Take Ei = E2 = E in the theorem. □ 
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The following theorem now gives the infinitesimal deformations of Wg(-E'). 

Theorem 6.3. Suppose that holds. For any semistable bundle E of rank no and 
degree do, the space of infinitesimal deformations of the vector bundle yV^{E), namely 
H^{Ai^, End{yV^{E))) , is canonically isomorphic to H^{X, EndE). In particular, if 
E is also simple, 

dim H\M^, End{W^{E))) = nl{g - 1) + 1. 

Proof. Let Ei = E2 = E. From Propositions 12.31 and 13.61 we obtain an isomorphism 

(23) H\X, TZ^®E*® Kx) = H\M^, End{W^{E))) 

From Proposition 14.31 we have 

H\X,n'^E*^Kx) = H\X,E®TX®E* ®Kx) 

= H\X,EndE). 

Hence 

H\M^, End{W^{E))) ^ H\X, EndE) 
as required. The formula for the dimension follows from Riemann-Roch. □ 

Remark 6.4. From the proof of Theorem 16.31 we see that 

H\M^, w^{Ei) ® w^{E2y) = H\x, El ® e;) 

for any semistable Ei, E2 of rank uq and degree do- In particular, if Ei, E2 are stable 
and not isomorphic, we have H'^{J^^, W^(-E'i) (S> W^{E2)*) = by Theorem 16.11 and 
hence 

dimH\M^, W^{Ei) ® W^{E2y) = nlig - 1) . 

7. Family of Deformations 

In this section we investigate local and global deformations of the generalised Picard 
bundles constructed above. 

First suppose that {no, do) = 1 and let U{no,do) be a universal bundle over X x 
A4{no,do). Now consider X x J\A{no,do) x Ai^ and define 

Uj: := {no, do) ® p^gW^, 

and 

By (jH) we have 7Vp2z*{M^) = for i 7^ and so is locally free. Moreover 
so is a family of deformations of Wg(-E). 

Theorem 7.1. The family is injectively parametrised and is locally complete at 
every point Eo E M.{no, do). 
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Proof. The injectivity follows from Theorem I5.ll It remains to prove that the infin- 
itesimal deformation map is an isomorphism at every Eq. By Corollarv 16.21 W^IEq) 
is simple, so possesses a local analytic moduli space S. It follows that there exists 
a neighbourhood U of Eq in A^(no,(io) with respect to the analj^ic topology and a 
holomorphic map 

(j):U — yS 

such that (f){E) = W^(i?) for all E eU . By injectivity the image of 4) has dimension 

dim (no, do) = nl{g — 1) + 1 

at every point. On the other hand, by Theorem 16.31 we know that the Zariski tangent 
space to S at Wg(-E) also has dimension nl{g — 1) + 1. It follows that 5* is smooth 
at yV^{E). Hence, by Zariski's Main Theorem, (p maps U isomorphically onto an open 
subset of S, and in particular the differential d(p (which coincides with the infinitesimal 
deformation map) is an isomorphism at i?o- D 

Remark 7.2. When (ricrfo) 7^ 1? we no longer have a universal bundle l/({nQ,do)- 
However, for any E G A4{nQ, do), there exists an etale neighbourhood of Eq over which 
a universal bundle does exist. The argument of Theorem 17.11 now goes through to 
give a family of Picard bundles which is locally complete at Eq. This family is not 
injectively parametrised, but it is still true that 

Wi:{Ei) = W^{E2) ^Ei = E2. 

Theorem 17.11 savs that Ai{no,do) is in some sense a moduli space for the bundles 
W^{E). Since J^{no,do) is irreducible, this implies that all W^{E) have the same 
Hilbert polynomial Pno,do with respect to the unique polarisation 6^ of TW^. We do not 
know in general that the W^(£') possess a good global moduli space. However, if all 
yV^{E) are stable with respect to 9^, then they belong to the moduh space M.M^{Pno,do) 
and indeed to one particular connected component of this moduli space. The map 
E I— > yV^{E) then defines a morphism 

<j): M{no,do) 

Theorem 7.3. // {no, do) = 1 and yV^{E) is stable with respect to 9^ for every E G 
M.{no,do), then (p is an isomorphism. 

Proof. By Theorem 17.11 (p is an isomorphism onto an open subset of Ai^. Since 
A4{no, do) is complete, this imphes that is an isomorphism. □ 

Theorem 17.31 applies in particular if no = 1. In this case we can suppose that do = 0, 
so that A^(no, do) = J, the Jacobian of X. We know by |1] that yV^{0) is stable with 
respect to 9^, and the same proof shows that W^^L) is stable for any L E J. 

In this case, we can go a little further. Since we shall want to allow X and ^ to 
vary, we denote the space by Mx,c Let 9 denote the principal polarisation on 
J defined by a theta divisor and let ( denote the polarisation on J^x,( defined by the 
determinant line bundle |21 Section 4]. 
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Theorem 7.4. With respect to the above polarisations, the morphism 
is an isomorphism of polarised varieties. 

Proof. We wish to show that the isomorphism takes C to a nonzero constant scalar 
muhiple (independent of the curve X) of 9. 

Take any family of pairs {X, where X is a connected non-singular projective curve 
of genus g and ^ is a line bundle on X of degree d > n{2g — 2), parametrized by a 
connected space T. Consider the corresponding family of moduli spaces Ai% ^ (respec- 
tively, Jacobians J) over T, where {X, ^) runs over the family. Using the map an 
isomorphism between these two families is obtained. The polarisation C (respectively, 
B) defines a constant section of the second direct image over T of the constant sheaf Z 
over the family. It is known that for the general curve X of genus g, the Neron-Severi 
group of J is Z. Therefore, for such a curve, takes ^ to a nonzero constant scalar 
multiple of G. Since T is connected, if T contains a curve with NS{J) = Z, then 
(p takes C to the same nonzero constant scalar multiple of for every curve in the 
family. Since the moduli space of smooth curves of genus g is connected, the proof is 
complete. □ 

Finally we have our Torelli theorem. 

Corollary 7.5. Let X and X' he two non-singular algebraic curves of genus g > 3 and 
let ^ (respectively ^' ) he a line bundle of degree d > n{2g — 2) on X (respectively X' ). 
If M.\^ = Ai^i ^1 as polarised varieties then X = X' . 

Proof. This follows at once from Theorem 17.41 and the classical Torelli theorem. □ 
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